Abstract. We report the recent progress in relativistic mean-field (RMF) and beyond approaches for the low-energy structure of deformed hypernuclei. We show that the Λ hyperon with orbital angular momentum = 0 (or > 1) generally reduces (enhances) nuclear quadrupole collectivity. The beyond mean-field studies of hypernuclear low-lying states demonstrate that there is generally a large configuration mixing between the two components [
INTRODUCTION
Hypernuclei provide a natural and accessible laboratory to study nucleon-nucleon (NN) and nucleon-hyperon (NY) interactions in nuclear medium, the knowledge of which is important for understanding neutron stars [1, 2] . Lots of efforts have been devoted into parameterization of the bare NN, NY interactions based on available scattering data and/or the results from lattice QCD calculations. These bare interactions have been implemented into few-body calculations for very light hypernuclear systems. For heavier (hyper)nuclear systems, the situation becomes much more complicated in the sense that a much larger model space and thus more expensive calculations are demanded to achieve convergence in the solutions. To overcome this difficulty, one may employ the techniques of G matrix [3, 4] , many-body perturbation theory or (in-medium) similarity renormalization group [5] to dilute the resolution of the interactions and/or to build many-body correlations into the interactions. With these treatments, the realistic NN, NY interactions are transformed into effective interactions that are more suitable for the studies with less expensive nuclear models.
Alternatively, instead of starting from the bare interactions, the self-consistent mean-field or energy density functional (EDF) approaches start from an effective interaction or a universal EDF with their parameters determined directly from the properties of nuclear many-body systems. The effective interactions which already include many-body correlations from the beginning can reproduce excellently the saturation properties of nuclear matter at the mean-field level and therefore turn out to be very successful in the mean-field studies of both ordinary nuclei and hypernuclei ranging from light to heavy mass regions for several decades [6] . Within this framework, some interesting phenomena related to hyperon impurity effect on atomic nuclei have been disclosed, such as the shrinkage of nuclear size and the extension of nucleon driplines [7] .
The relativistic mean-field (RMF) or covariant EDFs approaches are of particular interest in nuclear physics as Lorentz invariance is one of the underlying symmetries of QCD [8] . This symmetry not only allows to describe the spin-orbit coupling of nucleons, which has an essential influence on the underlying shell structure, in a consistent way, but also puts stringent restrictions on the number of parameters in the corresponding functionals. This character is particular important for understanding the weak hyperon spin-orbit interaction. With the RMF approaches, there have been lots of studies for spherical hypernuclei, see Ref. [9] . In recent decade, these studies are extended into deformed hypernuclei [10, 11, 12, 13] and superdeformed hypernuclei [14, 15] . The hyperon turns out to change significantly the equilibrium shape of some carbon and silicon isotopes from oblate to spherical shape. Considering these (hyper)nuclei are rather soft against shape fluctuations, the mean-field approximation is prone to overestimate the hyperon impurity effect on nuclear shapes [16] . Moreover, the adopted effective NY interactions are often optimized to fit the hyperon separation energies and the hyperon spin-orbit splitting at the mean-field level. Previous studies already showed some hints that the effective NY interactions cannot be uniquely determined with these data. On the other hand, it is also not clear if the interactions obtained in this way are applicable for hypernuclear excited states. To clarify these questions and to make use of the rich spectroscopic data from hypernuclear γ-ray experiments [17] additionally to constrain the NY interaction, two beyond mean-field models for hypernuclei, namely the relativistic generator coordinate method (GCM) [18] and the relativistic particle-core coupling model [19, 20, 21, 22] , have been established. These two models are applied to analyze the collective correlations in hypernuclear low-lying states and they extend significantly the scope of understanding hypernuclear structure from mean-field pictures. In this contribution, we review our recent progress in the studies of the low-energy structural properties of deformed Λ hypernuclei within the RMF and beyond approaches.
The RMF approaches for Λ hypernuclei
The Lagrangian density L for a hypernucleus can be generally written as
where the Lagrangian density for free baryons L free and that for electromagnetic field L em are
The ψ B represents either the nucleon (B = N) or hyperon (B = Y) field, m B for the corresponding mass and F µν for the field tensors of the electromagnetic field A µ , defined as
The L φ term is for meson fields. The last two terms L NN and L NY in Eq. (1) describe the effective NN and NY interactions and they are parameterized phenomenologically into different forms in different version of RMF approaches. Generally speaking, these terms can be classified into two types, i.e., the meson-exchange version with the presence of L φ and the point-coupling version without the L φ term, according to the way how the nucleons and hyperons interact with each other in the hypernuclei. The expression for the NN interaction can be found for example in Ref. [8] . For the sake of simplicity, only the Λ hyperon is considered here. The effective NΛ interaction can be chosen as follows.
• The Lagrangian density for the NΛ interactions in terms of exchange effective scalar (σ) and vector (ω) mesons read
with the field tensor defined as Ω µν = ∂ µ ω ν − ∂ ν ω µ . The g σΛ and g ωΛ are the coupling constants of the hyperon with the scalar σ and vector ω meson fields, respectively. The term proportional to f ωΛΛ with σ µν = i 2 [γ µ , γ ν ] represents the tensor coupling between the hyperon and the ω meson field. The above ΛN interaction introduces three additional free parameters g σΛ , g ωΛ , f ωΛΛ .
• The Lagrangian density for the contact version of the NΛ interaction can be constructed by eliminating the meson fields and expanding the meson propagators up to the next-to-leading order terms,
with
Here are five free parameters α
T , which are related to the g σΛ , g ωΛ , f ωΛΛ approximately by
In literatures, the ratios x σ (= g σΛ /g σN ) and x ω (= g ωΛ /g ωN ) are often introduced to define the NΛ interaction, relative to the NN interaction. The data of Λ binding energies in a set of hypernuclei, together with the spin-orbit splitting of the p-orbital Λ in 13 Λ C, are usually adopted to determine the free parameters in the effective ΛN interactions [23, 24, 25] .
The beyond RMF approaches for Λ hypernuclei
Here we introduce two beyond-mean-field approaches for hypernuclear low-lying states, namely, the generate coordinate method (GCM) and the particle-core coupling (PCC) or also called microscopic particle-rotor model. These two approaches are built based on the solutions of the RMF approaches using the same NN and NΛ interactions and thus provide complementary analysis of hypernuclear low-lying states.
• In the GCM, the hypernuclear Hamiltonian is diagonalized in the basis formed by quantum-number projected mean-field states. The hypernuclear wave function is constructed as [18] 
where the index n refers to a different hyperon orbital state, and the index α labels the quantum numbers of the state other than the angular momentum. The mean-field states |Φ (NΛ) n (β) are generated with deformation constrained RMF calculations for the whole Λ hypernuclei [10, 13] . For simplicity, axial symmetry is imposed and in this case, there is no K mixing in the GCM state (10) . Since the hyperon and the nucleons are not mixed, the mean-field states can be decomposed as
where |Φ N (β) and |ϕ • The PCC model shares the same idea of resonating-group method (RGM), in which the Λ hypernucleus is described as a Λ coupled to a core nucleus [19, 20, 21, 22 ]
with r and r N being the coordinate of the Λ hyperon and that of nucleons inside the core nucleus, respectively. J is the angular momentum for the whole system while M is its projection onto the z-axis. Y j (r) is the spinangular wave function for the Λ hyperon. |Φ I n is the wave functions of the low-lying states of nuclear core from a GCM calculation [27] , where I represents the angular momentum of the core state and n = 1, 2, . . . distinguish different core states with the same angular momentum I. For convenience, hereafter we introduce the shorthand notation k = { j I n } to represent different channels. In contrast to the RGM for ordinary nuclear systems, there is no need to worry about the Pauli-exclusion principle between the Λ and the nucleons inside the core. The relative wave function R j I n (r) of the Λ is the radial part of a four-component Dirac spinor
The HamiltonianĤ for the whole Λ hypernucleus can be written aŝ
where A c is the mass number of the core nucleus. The first term in Eq. (16) is the Hamiltonian of the nuclear core, fulfillingĤ c |Φ I n = E I n |Φ I n and the second termT Λ is relative kinetic energy of the Λ hyperon. The third term represents the effect NΛ interaction which is chosen as a contact form consistent with Eq.(5). Finally, one ends up with a set of coupled equations for the radial wave function
where the κ is defined as κ = (−1) j+ +1/2 ( j + 1/2). With the multipole expansion for the δ(r − r Ni ) function in coordinate space, the vector and scalar coupling potentials in Eqs. (17) and (18) have the following forms
and
The ρ I n I n λ,V (r) and ρ I n I n λ,S (r) are vector and scalar types of reduced transition densities between nuclear core states, respectively,
Shape polarization effect of Λ in deformed hypernuclei Figure 1 displays the energy surfaces for 51 Λ V and its core nucleus 50 V as a function of the quadrupole deformation parameter β from the deformed RMF calculation using the PC-F1 [28] parameterization for the NN interaction and the PCY-S1 [24] parameterization for the NΛ interaction. The Λ hyperon is always put in the lowest-energy states among those which are connected to the s, p, d state in the spherical limit, respectively. It is seen that the energy minimum of hypernucleus Λ Ne as a function of quadrupole deformation. These are labeled with the Ω π number, that is the projection of the angular momentum onto the z-axis in the body fixed frame. Taken from Ref. [18] .
energy p orbital (labeled as 1/2 − ) is decreasing with the deformation (up to β 2 = 1.0). In other words, the Λ on this orbit is generally energetically favored in deformed shape and thus has the deformation-driving effect. Λ Ne after mixing all the projected mean-field states for each K π configuration with the GCM method are indicated by the squares in the figures. It is seen that the prolate minimum in the projected energy curves becomes more pronounced and thus the nuclear shape becomes more stable as the angular momentum increases. Moreover, the energy minimum for the J π = 1/2 + energy curve appears at deformation β = 0.62, that is somewhat larger than the deformation at the minimum of the corresponding mean-field curve, β = 0.49, due to the energy gain originated from the angular momentum projection. On the other hand, if one compares it to the projected energy curve for the 0 + configuration of 20 Ne, which has a minimum at β = 0.65, one finds again that the minimum is slightly shifted towards the spherical configuration both on the oblate and the prolate sides.
In contrast to the J π = 1/2 + configuration, the deformation at the energy minimum for the J π = 1/2 − configuration increases to β = 0.69 (see Fig. 3(b) ). Moreover, for this configuration, the energy difference between the prolate and the oblate minima significantly increases as compared to the J π = 1/2 + configuration. For this reason, the collective wave function for the J π = 1/2 − state is expected to be more localized on the prolate side than that of the J π = 1/2 + state. As a consequence, the average deformation for the J π = 1/2 − state is close to the minimum point of the energy curve while that for the J π = 1/2 + configuration is shifted towards the oblate side due to a cancellation between the prolate and the oblate contributions (see the filled squares in Fig. 3(a) and 3(b) ). The projected energy curves for the K π = 3/2 − 1 configuration are shown in Fig. 3(c) . These are several MeV higher than those for the K π = 1/2 − 1 configuration. Besides, the energy curve for the J π = 3/2 − is considerably different from that for the J π = 5/2 − configuration, and one would not expect a (quasi-)degeneracy between these two states.
We note that 20 Ne has low-lying negative-parity states originated from the α+ 16 O cluster structure [29] , which would also exist in Collective correlations and configuration mixings in low-lying states of Λ hypernuclei Figure 4 show the evolution of potential energy surfaces and collective wave function of the ground state in Sm isotopes around neutron number N = 90. It is exhibited clearly a picture of shape transition from vibrational to rotational characters as the number of neutrons increases. Therefore, the Sm isotopes provide an ideal playground to study how nuclear collective correlations change the configuration mixings in hypernuclear low-lying states. 
Spin-orbit splitting of p-orbital Λ in carbon hypernuclei
Based on the conclusion drawn from the Sm hypernuclei, the energy splitting of the first 1/2 − and 3/2 − states in hypernuclei only with weak collective correlations can be safely interpreted as the spin-orbit splitting of p Λ .
13
Λ C is a good candidate hypernucleus for this purpose as 12 C is weakly deformed. It has been proved by the microscopic cluster model calculation [30] TABLE 2 . The probability P k of the dominant components in the wave functions for some selected negative-parity states. The components with probabilities smaller than 0.001 are not given. Taken from Ref. [32] . states was determined to be 152 ± 54(stat) ± 36(syst) keV [31] , which was interpreted as the spin-orbit splitting between 1p 1/2 and 1p 3/2 hyperon states in 13 Λ C. The neutron number in 14 C is a magic number and thus the collective correlation in 14 C is expected to be weaker than that in 12 C. It is interesting to study configuration mixing in 15 Λ C. Table 1 and Table 2 
Uncertainty in the NΛ interactions and its impact on neutron stars
The coupling strengths of the effective NΛ are often determined by fitting to the Λ binding energy B Λ which is approximately given by the Λ single-particle energy B Λ ≈ − Λ , where the single-particle energy of the Λ in the RMF approaches
is mainly governed by the cancellation of attractive scalar S Λ = x σ g σN σ and repulsive vector V Λ = x ω g ωN ω 0 potentials [13] . As pointed out by Glendenning [33] that there is a continuous ambiguity in the pair of values (x σ , x ω ) which are able to reproduce the Λ binding energy in nuclear matter. A similar phenomenon was also seen in finite hypernuclei [23, 25] . The ambiguity in the coupling strengths may cause a large uncertainty in the predicted maximum mass of neutron starts. It was shown in Ref. [34] that with the weakening of NΛ coupling gradually, more and more neutrons are transferred into Λ hyperons, and the EOS will become increasingly softer. Generally speaking, the weaker the NΛ coupling the lower the maximum mass of neutron stars. It was found that the predicted maximum mass of neutron stars can still reach the value (1.97 ± 0.04)M with the presence of hyperons by choosing sufficient large values (x σ/ω >∼ 0.7 − 0.8) for the coupling strengths [33, 34, 35] , even though x σ/ω = 2/3 is suggested by the naive quark model. Therefore, a precise calibration of the NΛ interaction is highly important for understanding the so-called "hyperon puzzle" in neutron stars within the RMF framework. In this subsection, we discuss whether the energies of hypernuclear low-lying excited states can provide additional constraints on the NΛ interaction or not. In the analysis, the relativistic point-coupling NΛ interactions PCY-S1 (x σ ≈ 0.53, x ω ≈ 0.64), PCY-S2 (x σ ≈ 0.11, x ω ≈ 0.05), PCY-S3 (x σ ≈ 0.53, x ω ≈ 0.63), PCY-S4 (x σ ≈ 0.48, x ω ≈ 0.58) [24] are adopted. Fig. 6(a) , we calculate the low-lying states of 13 Λ C and show them in Fig. 6(b) . One can see that the energies of the low-lying positive-parity states are very robust against the change of the parameters along the valley in Fig. 6(a) We next examine the influence of the derivative interaction terms for the other parameter sets as well. To this end, we vary δ Fig. 6(a) . In other words, there also exists a strong correlation between the strengths for the scalar and vector types of derivative couplings. Fig. 7(e) . The tensor coupling term makes the Λ s1/2 hyperon less bound by increasing the energy of the s 1/2 level. Moreover, it decreases (increases) the energy of the hyperon p 3/2 (p 1/2 ) state. As a result, the tensor coupling term decreases (increases) the energy of the 3/2 − (1/2 − ) state, which mainly consists of the p 3/2 (p 1/2 ) hyperon coupled to the ground state (0 + ) of 12 C. Since the 1/2 − changes more significantly than the 3/2 − state, the higher lying 1/2 − state approaches the 3/2 − state and even becomes lower than the 3/2 − state for large values of the tensor coupling strength, indicating that the energy splitting of the 1/2 − and 3/2 − states is sensitive to the tensor coupling strength.
Summary and outlook
We have established relativistic mean-field (RMF) and beyond approaches for the low-lying states of deformed hypernuclei. The impurity effect of Λ hyperon at different orbits has been demonstrated. In particular, the collective correlations and configuration mixing in hypernuclear low-lying states have been examined in detail. Finally, we studied the sensitivity of the energies of hypernuclear low-lying states to parameters in the effective NΛ interaction. Strong correlations between the interaction parameters are exhibited. Only after resolving the uncertainty in the interaction parameterizations can one have a solid understanding on the issue of so-called "hyperon puzzle" in neutron stars. Further investigations on the effect of three-body NNΛ coupling terms, the sensitivity of the electromagnetic transition strengths to the coupling strengths, and their impacts on the predicted mass-radius relation of neutron stars are to be done in the future.
